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Abstract
We organize the eight variables of the four-dimensional bosonic string (X˙μ,X′μ) into a 2×2×2 hypermatrix aAA′A′′ and show that in signature
(2,2) the Nambu–Goto Lagrangian is given by
√
Deta where Det is Cayley’s hyperdeterminant. This is invariant not only under [SL(2,R)]3 but
also under interchange of the indices A, A′ and A′′. This triality reveals hitherto hidden discrete symmetries of the Nambu–Goto action.
© 2006 Published by Elsevier B.V. Open access under CC BY license.1. Cayley’s hyperdeterminant
In 1845 Cayley [1] generalized the determinant of a 2 × 2
matrix aAA′
(1.1)deta = 1
2
ABA
′B ′aAA′aBB ′ = a00a11 − a01a10
to the hyperdeterminant of a 2 × 2 × 2 hypermatrix aAA′A′′
Deta = −1
2
ABA
′B ′CDC
′D′A
′′D′′B
′′C′′
× aAA′A′′aBB ′B ′′aCC′C′′aDD′D′′
= a2000a2111 + a2001a2110 + a2010a2101 + a2100a2011
− 2(a000a001a110a111 + a000a010a101a111
+ a000a100a011a111 + a001a010a101a110
+ a001a100a011a110 + a010a100a011a101)
(1.2)+ 4(a000a011a101a110 + a001a010a100a111).
The hyperdeterminant vanishes iff the following system of
equations in six unknowns pA, qA′ , rA′′ has a nontrivial so-
lution, not allowing any of the pairs to be both zero:
aAA′A′′p
AqA
′ = 0,
aAA′A′′p
ArA
′′ = 0,
(1.3)aAA′A′′qA
′
rA
′′ = 0.
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Open access under CC BY license.For our purposes, the important properties of the hyperdetermi-
nant are that it is a quartic invariant under [SL(2)]3 and under a
triality that interchanges A, A′ and A′′.
We recently found a physical application of this hyperdeter-
minant [2] by associating the eight components of aAA′A′ with
the four electric and four magnetic charges of the STU black
hole in four-dimensional string theory [3] and showing that its
entropy [4] is given by
(1.4)S = π√−Deta.
The hyperdeterminant also makes it appearance in quantum in-
formation theory [5]. Let the three qubit system AA′A′′ be in a
pure state |Ψ 〉, and let the components of |Ψ 〉 in the standard
basis be aAA′A′′ :
(1.5)|Ψ 〉 =
∑
AA′A′′
aAA′A′′ |AA′A′′〉.
Then the three way entanglement of the three qubits A, A′ and
A′′ is given by the 3-tangle [6]
(1.6)τ3 = 4|Deta|.
As far as we can tell [2], the appearance of the Cayley hy-
perdeterminant in these two different contexts of stringy black
hole entropy (where the aAA′A′ are integers and the symmetry
is [SL(2,Z)]3) and 3-qubit quantum entanglement (where the
aAA′A′ are complex numbers and the symmetry is [SL(2,C]3)
is a purely mathematical coincidence. Nevertheless, it has al-
ready provided fascinating new insights into the connections
between strings, black holes, and quantum information [7].
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allowing aAA′A′′ to represent the eight variables of the four-
dimensional bosonic string (X˙μ,X′μ) and showing that in
signature (2,2) the Nambu–Goto Lagrangian [8,9] is given
by
√
Deta. Interchange of the indices A, A′ and A′′ then re-
veals hitherto hidden discrete symmetries of the Nambu–Goto
action.
2. The Nambu–Goto action
The Nambu–Goto action in a flat target space of signature
(2,2) is given by
(2.1)ING = −T2
∫
dτdσ
√−detγ ,
where
(2.2)γA′′B ′′ = ∂A′′Xμ∂B ′′Xνημν
and η = diag(1,1,−1,−1). We introduce a two-component no-
tation
(2.3)XAA′ = 1√
2
(−X0 + X2 X1 − X3
−X1 − X3 −X0 − X2
)
and define
(2.4)aAA′A′′ =
(
X˙AA
′
X′AA′
)
,
where X˙ = ∂X/∂τ and X′ = ∂X/∂σ . Hence
(2.5)γA′′B ′′ = ABA′B ′aAA′A′′aBB ′B ′′ .
Then from (1.1) and (1.2)
(2.6)detγ = −Deta.
The SL(2,R) acting on the index A and the SL(2,R) acting on
the index A′ are just the O(2,2) ∼ SL(2,R) × SL(2,R) space-
time symmetry, while the SL(2,R) acting on the index A′′ is
the worldsheet symmetry
(2.7)
(
X˙μ
X′μ
)
→
(
d c
b a
)(
X˙μ
X′μ
)
,
where a, b, c, d are constants satisfying ad − bc = 1.
3. Discrete symmetries
Interchanging A and A′ is just reverses the sign of X˙1 and
X′1 but the 4 transformations
aAA′A′′ → aA′′AA′ ,
aAA′A′′ → aA′A′′A,
aAA′A′′ → aA′′A′A,
(3.1)aAA′A′′ → aAA′′A′represent new discrete symmetries which are given explicitly
by
(3.2)
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
X˙0
X˙1
X˙2
X˙3
X′0
X′1
X′2
X′3
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
→ 1
2
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
X˙0 − X′1 − X˙2 + X′3
−X′0 − X˙1 + X′2 + X˙3
−X˙0 − X′1 + X˙2 + X′3
X′0 − X˙1 − X′2 + X˙3
X′0 + X˙1 + X′2 + X˙3
X˙0 − X′1 + X˙2 − X′3
X′0 − X˙1 + X′2 − X˙3
X˙0 + X′1 + X˙2 + X′3
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
(3.3)
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
X˙0
X˙1
X˙2
X˙3
X′0
X′1
X′2
X′3
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
→ 1
2
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
X˙0 + X′1 − X˙2 + X′3
X′0 − X˙1 − X′2 − X˙3
−X˙0 + X′1 + X˙2 + X′3
X′0 + X˙1 − X′2 + X˙3
X′0 − X˙1 + X′2 + X˙3
−X˙0 − X′1 − X˙2 + X′3
X′0 + X˙1 + X′2 − X˙3
X˙0 − X′1 + X˙2 + X′3
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
(3.4)
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
X˙0
X˙1
X˙2
X˙3
X′0
X′1
X′2
X′3
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
→ 1
2
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
X˙0 − X′1 − X˙2 + X′3
X′0 + X˙1 − X′2 − X˙3
−X˙0 − X′1 + X˙2 + X′3
X′0 − X˙1 − X′2 + X˙3
X′0 + X˙1 + X′2 + X˙3
−X˙0 + X′1 − X˙2 + X′3
X′0 − X˙1 + X′2 − X˙3
X˙0 + X′1 + X˙2 + X′3
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
(3.5)
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
X˙0
X˙1
X˙2
X˙3
X′0
X′1
X′2
X′3
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
→ 1
2
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
X˙0 + X′1 − X˙2 + X′3
−X′0 + X˙1 + X′2 + X˙3
−X˙0 + X′1 + X˙2 + X′3
X′0 + X˙1 − X′2 + X˙3
X′0 − X˙1 + X′2 + X˙3
X˙0 + X′1 + X˙2 − X′3
X′0 + X˙1 + X′2 − X˙3
X˙0 − X′1 + X˙2 + X′3
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
4. Conclusions
One way to understand this triality is to think of the string
as having three different worldsheets (Alice, Bob and Charlie)
with three different metrics
αAB = A′B ′A′′B ′′aAA′A′′aBB ′B ′′ ,
βA′B ′ = A′′B ′′ABaAA′A′′aBB ′B ′′ ,
(4.1)γA′′B ′′ = ABA′B ′aAA′A′′aBB ′B ′′ .
All are equivalent, however, since
(4.2)detα = detβ = detγ = −Deta.
It is remarkable that the Nambu–Goto action, first written down
in 1970 can still reveal some secrets, although the (2,2) sig-
nature means that their physical significance is not obvious. It
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sector of the N = 2 critical superstring. See [10], for example.
Finally we recall [7] that the E7(7) Cartan invariant J4, de-
pending on 28 + 28 variables, reduces to Cayley’s hyperde-
terminant in a canonical basis. So one could generalize the
Nambu–Goto action to
(4.3)ING = −T2
∫
dτ dσ
√
J4.
Bearing in mind the embeddings
(4.4)E7(7) ⊃ SO(6,6) × SL(2,R) ⊃ SO(2,2) × SL(2,R)
this would describe a string in 28 dimensions with reduced
Lorentz group SO(6,6), rather than SO(2,2). It may seem
strange to embed the Lorentz group in a bigger group, but
this was already true for the conventional Nambu–Goto the-
ory (2.1), since [SL(2,R)]3 and triality form a semi-direct prod-
uct.
Perhaps our familiarity with string theory will allow us to
gain yet more insights into the other two contexts in which
Cayley’s hyperdeterminant makes it appearance, namely black
holes and quantum information, and vice versa.Acknowledgements
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